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the approach, however, necessitates the development of
engineering correlations for CM and CH- Such correlations
have been developed for graphite ablation in air and are pre-
sented in Ref. 6. Correlations for additional materials are in
progress. Results to date suggest that CM approaches CH
when the system Lewis number (as defined in Ref. 1) ap-
proaches unity, but that the conventional relation [Cn/Cn =
(Le)273] can be in substantial error for large mass-transfer
rates, especially when the injectant reacts chemically with
the edge gases.5 Such correlations will eventually provide a
means for rapidly and accurately predicting unequal-diffu-
sion ablation response from relatively well-known nonablat-
ing heat-transfer coefficients.
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Velocity Laws for Turbulent Boundary
Layers with Mass Addition and

Combustion
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THIS Note presents the results of a study directed toward
the use of the turbulent kinetic energy equation as the

basic closure equation for the problem of a subsonic variable
density turbulent boundary layer. The case considered is
that of a uniform two-dimensional, turbulent boundary layer
with a dilute mixture of hydrogen and nitrogen injected into
the boundary layer at the surface and combustion occurring
at a flame front in the boundary layer. The method of
analysis presented is an extension of the methods employed
byTownsend,1 Bradshaw, et al.,2 Bradshaw,3 and Bradshaw
and Ferriss.4
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The turbulent kinetic energy equation is utilized to obtain
expressions for the velocity distribution through the boundary
layer for the case of a zero axial pressure gradient. Similarity
between the concentration, enthalpy, and velocity profiles is
employed in order to relate the local density to the local
velocity. Experimental results are correlated on the basis of
the resulting expressions over the inner region of the turbu-
lent boundary layer. These correlations indicate the energy
dissipation length is directly proportional to distance from
the surface over approximately 10% of the boundary-layer
thickness at the higher blowing rates.

The turbulent kinetic energy equation for a two-dimensional
compressible flow may be written as x«2

(puv)
<p)e = 0 (1)

where (U) and (V) are the mean velocities in the x and y
directions, respectively, (#2) = (u2) + (v2) -\- (w2), p is the
pressure fluctuation, (p) is the mean density, u, v, and w are
the velocity fluctuations and e is the dissipation of turbulent
kinetic energy due to viscous effects. Equation (1) repre-
sents the rate of change of (g2/2) along a streamline as the net
sum of advection, production, diffusion, and viscous dissipa-
tion of the turbulent kinetic energy.

The turbulent kinetic energy equation may be converted
into a shear stress equation by defining1-2

T/(p) = -(pUV)/(p)

L = (r/<p»3/2/e

and

(2a)
(2b)
(2c)

(2d)

In Eqs. (2) T is the local shear stress, L is an energy dissipa-
tion length, and ai and a2 are constants. The hypothesis of
turbulence structural equilibrium as employed by Townsend1

is used to justify the form of the diffusion term chosen in
Eq. (2d).

Thus, for the case of surface mass injection with combus-
tion, we may write, neglecting the variation of (#2/2) in the x
direction and setting V = Vw,

(l/(T/p)U*]dU - l/(2r/p)d(T/p) -
p)3/2]d(r/p) = (l/L)dy (3)

where all brackets denoting average quantities have been
dropped.

In obtaining this expression, the factor 3tt2/2(ai)3/2 has
been set equal to ^, following the arguments of Townsend.1
It should also be noted that the approximation of V = Vw
was found to be necessary in order to achieve the correla-
tions presented. When V is set equal to (p«/p)Fw, the advec-
tion term becomes dominant due to the significant decrease
in the density p across the inner region of the boundary layer
and correlation of the velocity profile with distance from the
surface is not achieved. The successful correlation achieved
with setting V = Vw may possibly be explained by noting
that very near the surface, the effect on the density of the
increasing temperature is offset somewhat by the effect of the
decreasing concentration of hydrogen and the approximation
V = Vw appears to be sufficiently accurate. With V set
equal to Fw, the contribution of the advection term is sup-
pressed in the region away from the immediate vicinity of
the wall and the production and dissipation terms in the
kinetic energy equation become the dominant terms.

For the turbulent boundary layer with mass addition and
zero pressure gradient, the mean momentum equation may be
written as

r/P= (4)
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With the introduction of the friction velocity, UT = (rw/p«)1/2,
Eq. (4) may be written as

where u+ = U/uT. Substitution into Eq. (3) yields the
result

(Vw/uT)u+}] -
x

d[(pw/p)(l (6)

where y+ = yur/vw and L+ = LuT/vw.
To integrate the first term on the left-hand side of Eq. (6)

(the production term), it is necessary to express the density
ratio pw/p in terms of the local velocity U. This is accom-
plished by assuming the flame sheet model as employed by
Chen and Toong,5 in their study of the laminar boundary
layer with surface fuel evaporation and combustion.

The turbulent boundary layer is separated into two regions,
region I, which lies between the wall and the flame zone, and
region II, the region between the flame zone and the outer
edge of the boundary layer. The presence of a discontinuous
flame front within the boundary layer introduces discon-
tinuities in the gradients of the mass fractions of the reac-
tants and products and of the temperature in regions I and II
of the boundary layer. However, as Chen and Toong5 point
out, when the production of the sensible enthalpy at any
point in the boundary layer is set equal to the disappearance
of the oxidizer times a constant heat of reaction, the profiles
of mass fraction and temperature then become continuous
throughout the boundary layer. Furthermore, the experi-
mental results of Wooldridge and Muzzy6 justify the use of
similarity between concentration, enthalpy (including both
sensible and chemical parts) , and velocity profiles. Hence, we
may write

where

and

hc = hcw+ (hce-hcw)(U/Ue)

hce = cpeTe + QCQe

itJCw —— Cpw-l- W

= l
\
cpT in region I
cPT + QCQ in region II

(7)

(8)

(9)

(10)

In these expressions, hc is the sensible plus chemical enthalpy,
Q is the heat of combustion per unit mass of oxygen, and C0
is the mass fraction of unburned oxygen in region II of the
boundary layer. Coe is thus the mass fraction of oxygen in
the freestream.

In order to obtain an expression for the variation of C0 in
the region between the flame front and the outer edge of the
boundary layer, the expressions developed by Chen and
Toong5 are employed in the following fashion. First, the
mass fraction is written as

with

and

C = Co -

C = — aC-p in region I

C = C0 in region II

(U)

(12)

(13)

In these expressions, a is the stoichiometric ratio of the dif-
fusion rates of oxygen and fuel at the flame front. Then, in
region II, similarity between the mass fraction profile and the

velocity profile yields the relationship

Co = Cw+ (Ce ~ Cw)(U/Ue) (14)
However, from Eq. (12), the mass fraction at the surface may
be written as

C.= -aCFw (15)

Hence, the mass fraction of unburned oxygen in region II
of the boundary layer may be written as

= -aCF aCFw)(U/Ue) (16)
In this expression, CFw is the mass fraction of fuel at the wall
and the subscripts w and e denote evaluation of the particular
quantity at the wall and at the edge of the boundary layer,
respectively.

Thus, the density profile may be written for each of the two
regions as follows.

Region I :

P./P = (T/TW)(MW/M) = (MXvJMCv) [I +
[(CPeTe/CPwTw) - 1 + (QC0e/CPwTw)](u+/ue

+)} (17)
where ue

+ = Ue/uT and M is the molecular weight.
Region II :

P./P = (T/TW)(MW/M) = (MWCPJMCP) {1 -f
(QCQe/CPwTw)(aCFw/CQe) + [(C^Te/C^TJ -

1 - (QC0e/CPwTw)(aCFw/C0e)](u+/ue+)} (18)
At this point, we may note that the variation of the term

(MWCPW/MCP) across the boundary layer is small and, hence,
the ratio may be taken as unity. We should also note that
the experimental temperature profile for each corresponding
velocity profile was used to obtain values for the heats of
reaction QCoe and QaCFw for use in Eqs. (17) and (18).

For convenience, we introduce the following terms

Ai = [(CPeTe/CPwTw) - I + (QCQe/CPwTw)} (l/ue+) (19)
A2 = Vw/uT (20)

A, = I + (QC0e/CPwTw)(aCFw/C0e) (21)
A, = [(Cp.T./CM(l/At) - l](l/ue+) (22)

Hence, the shear stress equation for each of the two regions
may be written as follows.

Region I :

[(1 + Aiu+)(l + Alu+)

X
A2u+)} = (23)

Region II :

dy+ (24)

Integration of Eqs. (23) and (24) yields the result for the
two regions as

Region I :

X
-1- A

f(l/L+)dy+ + Ci = Fi(u+} (25)
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Table 1 Summary of experimental parameters for subsonic turbulent boundary layers with
mass addition and combustion

Run

WM1°
WM2
WM3
Jonesl&

Jones2
Jones3

Ue,
fps

36
36
36
33.2
33.6
33.5

Rex
cX

10 ~5

7.65
7.10
6.32
5.5
6.4
7.1

103

2.34
4.34
7.56
3.12
3.12
3.12

Cf
e X
103

2.1
0.93
0.28
0.90
0.89
0.85

Tw,
°R

1032
747
625
700
640
640

Te,
°R

573
563
573
537
545
544

c*.
0.04
0.04
0.04
0.038
0.038
0.038

QCoe <
(exp)

968
874
764

1068
1030
929

(exp)

2.33
5.56

13.69
1.50
1.81
2.07

A,
0.0943
0.0794
0.0428
0.106
0.112
0.0976

A2

0.123
0.294
0.848
0.208
0.199
0.204

A3

6.505
17.793
44.26
7.233
8.942
9.175

A4

-0.0528
-0.0308
-0.0155
-0.028
-0.0267
-0.0261

a See Wooldrdige and Muzzy, Ref. 6.
6 See Jones, Ref. 7.
c Reynolds' number based on distance from virtual origin Rex — pe
* Mass injection rate F = pwVw/peUe-
e Skin-friction coefficient with mass injection and combustion rw —

Region II :

[A2A3(-A4)]-1/2 arc sin{ [2A2(-A4)u+
(A, + A4)]/[(A2 + A4)2 + 4(

\ ln[A8(l + A,u+)(l + A2u+)} + (A2

}~^ = f(l/L+)dy+ C2 =
) X
(26)

In these expressions, d and C2 are constants of integration.
The constant Ci is evaluated by letting u+ ->• 0 in the terms
on the left-hand side of Eq. (25). Then the constant C2 is
evaluated by matching the left-hand side of each of Eqs. (25)
and (26) at the flame front.

These functions have been utilized in correlating the experi-
mental results of Wooldridge and Muzzy6 and Jones.7 In
these separate studies, subsonic, low-turbulence wind tunnels
were employed to obtain turbulent boundary layers into
which mass was injected and combustion occurred. The test
sections of these wind tunnels were 8 ft in length with the last
2 ft of the top surfaces fitted with porous plates. Dilute mix-
tures of hydrogen and nitrogen were injected through the
porous plates into the turbulent boundary layers. The mix-
tures were ignited and combustion maintained in each of the
boundary layers.

In the experiments conducted by Wooldridge and Muzzy,
profiles of concentration, temperature, and dynamic pressure
were taken at the trailing edge of the porous plate region.
Three widely different mass injection rates were employed.
The experimental conditions for these profiles are indicated
in Table 1. In the experiments conducted by Jones, profiles
of temperature and dynamic pressure were taken at three
different axial stations with the experimental conditions also
presented in Table 1. In these latter experiments, the mass
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Fig. 1 Experimental nondimensional velocity function
F(u-f-) plotted vs nondimensionalized distance for the
subsonic turbulent boundary layer with mass addition

and combustion.

injection rate was held constant. In all of these experiments,
the axial pressure gradient was approximately zero.

The velocity profiles deduced from the experimental dy-
namic pressure profiles have been utilized in the left-hand side
of each of Eqs. (25) and (26) and the results plotted against
Iog7/+ in Fig. 1. It becomes apparent from the results pre-
sented that there is an inner region of the boundary layer in-
side the flame front over which the dissipation length L+ is
proportional to y + or in which L + = Ky +. This inner region
extends to y = 0.09 in. at the low blowing rates and increases
to a distance y = 0.20 in. for the larger blowing rates. It
should also be noted that K seems to be dependent upon the
terms AI and A2 with the value of K increasing considerably
above the value of 0.4 which is obtained from constant den-
sity boundary layers. For example, at F = 2.34 X 10 ~3,
K = 0.95 while at F = 7.56 X 10"3, K has increased to
approximately 3.

From the results presented in Fig. 1, we may conclude
that in the analysis of subsonic turbulent boundary layers
with large normal variations in density, it appears feasible to
separate the density variation from the variation of the turbu-
lent characteristics of the flow and treat each independently
of the other. It should also be noted that the analytical re-
sults are presented in a form which should allow verification
of the approach by statistical means, especially through the
use of cooled constant temperature film probes. These types
of measurements could yield a direct indication of the be-
havior of such parameters as the dissipation length L+.

Finally, the constant of integration C\ may be approximated
by letting u+ go to zero, yielding the result

+ A2/Oi

Inclusion of this constant in Eqs. (25) and (26) yields the re-
sults presented in Fig. 2 where 4 of the 6 curves have col-

yu t/-Dw
IOO

Fig. 2 Experimental nondimensional velocity function
including the constant of integration F(u+) — C\ plotted

vs nondimensionalized distance.
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lapsed approximately into a common band in the inner region
(y+ <40). An explanation for the deviation of the other two
curves has not been formulated.
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Integral Method for Internal
Hypersonic Flows
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Nomenclature
= specific internal energy
= Mach number
= static pressure
= freestream velocity

u = axial velocity in the shock layer
v = lateral velocity (J_ to freestream) in the shock layer
x,y = nondimensional Cartesian coordinates in terms of leading-

edge radius yQ
p = density
7 = ratio of specific heats = 1.4
e = density ratio across shock, pm/ps
a = angle between shock wave and freestream

Superscripts

' = first derivative with respect to x
" = second derivative with respect to x
'" = third derivative with respect to x

Subscripts

0 = condition at the leading edge
1 = condition at a general point
s = condition at the shock
oo = condition at freestream
b = condition at the body
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Introduction

THE Note presents the formulation and the numerical
results of an integral method, thin-shock-layer analysis.

The solution is obtained by integration of a single ordinary
differential equation, which determines both the shock shape
and surface pressure.

Formulation of the Problem

The integral conservation equations across the shock layer
may be expressed for internal axisymmetric flows between two
axial stations XQ and XL

Continuity:

/
Vb

puydy (1)
sl

Axial Momentum:

(p. + pcot/W - 2/s,2)/2 = f^ (p + pu*)ydy -
pUt)!

J PMbdyi) (2)

Lateral Momentum:
ry^i pxi
I puvydy = I (pm - ps)ysdx (3)

J Vsi J XQ

Energy:

(p/p) v*)/2]ydy (4)

The concept of thin-shock-layer theory stipulates constancy
of flow variables across the shock layer between shock and
body. The pressure and the lateral velocity v are thus as-
sumed to vary only in the axial direction. Following Cher-
nyi1'2 the constant pressure across the layer is assumed to be
equal to its wall value pb. The constant lateral velocity is
taken equal to its value behind the shock

v = vs = Uys'(l - e) =

In addition, u is assumed to be equal to U. This approach is
fully justified in the limit as e -> 0. Chernyi claims reason-
ably accurate results with values as high as 0.3.

The above assumptions, made by Hayes and Probstein3 in
their analysis for external flows, confine the problem to slender
bodies. Two approaches will be considered to overcome this
restriction.

In the first approach, Eq. (5) is determined from the con-
tinuity relationship across an oblique shock, assuming sinV
= 2//2. This assumption underestimates the magnitude of
the first and second derivatives of ysj thus resulting in a
thinner shock layer; vs in Eq. (5) therefore is underestimated.
The assumption u ~ U overestimates u. For large Mm and
inlet angles, the lowering of values of vs is the stronger of the
two effects and hence the pressure in the shock layer is ex-
pected to be overestimated. The exact form of Eq. (5) is:
vJU = 2ys'[l - (1 + y,'*)/(Ma*ys'*)]/[(y + D X

(1 + y/2)] (6)
Substitute Eq. (6) in the exact form of u/U from two-di-
mensional oblique relations to obtain
u/U = 2{[(7 + l)/2]+ (1/Mco2) -

2//VU + y,")}/(7 + 1) (7)
With the aid of Eq. (1) and assuming constancy of flow vari-
ables across the shock layer, Eq. (3) may be differentiated
with respect to x resulting in

(8)(2/o2 -


